Abstract: Value at Risk (VaR) is used to illustrate the maximum potential loss under a given confidence level, and is just a single indicator to evaluate risk ignoring any information about income. The present paper will generalize one-dimensional VaR to two-dimensional VaR with income-risk double indicators. We first construct a double-VaR with (µ, σ 2 ) (or (µ, VaR 2 )) indicators, and deduce the joint confidence region of (µ, σ 2 ) (or (µ, VaR 2 )) by virtue of the two-dimensional likelihood ratio method. Finally, an example to cover the empirical analysis of two double-VaR models is stated.
Introduction
In the early 1990s, the international economic and financial consultancy G30 published the report "derivatives practices and principles" based on the research on financial derivatives, and then proposed Value at Risk (VaR) model to measure the market risk. JP Morgan Bank then launched the VaR risk measurement and control model. Since VaR is accurate and comprehensive to the application of risk measurement and makes up the deficiency of Markowitz mean-variance model, it is generally welcomed by the international financial community, including regulatory authorities, and has become a standard to manage and control financial risk. Furthermore, VaR is widely used to measure credit risks and trading risks.
The biggest benefit of VaR is the ability to critically analyze risk through systematic analysis. The organization can control the front end and back end of the business by calculating VaR to understand the financial risks it faces and establish an independent risk management mechanism.
However, VaR also has its own limitations. Mausser and Rosen (1999) put forward the most obvious limitations of VaR: it does not provide absolute maximum loss value, which can only be expected in a certain confidence level. Another drawback of VaR is that when the calculation is based on historical data, the future situation of any event should be duplicated or fitted by historical data. However, the reality is that we cannot guarantee the future case of an event is just as old as. In addition, some researchers such as Artzner et al. (1999) criticized the VaR model because it does not meet sub-additivity.
The obvious limitation existing in VaR is that it is only used to illustrate the maximum possible loss for the given conditions and is only a single index to characterize the risk, which provides less information to users about other information such as income. In practice, what people usually care about is how much profit they can get while taking risks.
Finally, according to the accuracy theory of VaR we study the double-VaR based on (µ, VaR 2 ) so that for a given confidence interval we cannot only know the biggest value of possible asset loss but we can also get the gain range. In this situation a better trade-off of the asset is possible.
The organization of the paper is as follows. Section 2 introduces some necessary conditions and terminologies. Section 3 is devoted to constructing double-VaR models with (µ, σ 2 ) and (µ, VaR 2 ). Section 4 confirms that the double-VaR models are effective via some examples.
Preliminaries

VaR
Definitions and Basic Descriptions
Definition 1. The basic meaning of VaR is the maximum potential loss of risk assets under normal market conditions, for a given confidence level α and holding period t. One can describe it as follows P(∆p > VaR) = α where ∆p is the loss of risk asset W within the holding period t and VaR is the value at risk under the confidence level α.
Remark 1. Under a normal market environment and a given confidence level α, let the probability distribution density function of a risky asset value be f (w), the initial value of a risky asset be w 0 , the lowest value of a risky asset under a confidence level α be w * and the yield on holding period t be r, then we have
where w = w 0 (1 + r) and w * can be achieved with the following two formulas
In particular, when the distribution of the risk asset yield r is a normal distribution, that is, r ∼ N(µ, σ 2 ), then one can get VaR of the risk asset by the following steps: Let
where φ is the probability density function of a standard normal distribution. According to (2) and (3), we can get
where g(r) is the normal probability density function of the risk asset with yield r. Since one has
and
where t = r−µ σ and t ∼ N(0, 1). We arrive here by (4) and (5)
Substitute (7) into (1), we then have
More generally, if one considers the time factor for VaR, then the Formula (8) can be written as VaR = w 0 σξ * √ ∆t. In other words, when the yield on a risk asset follows a normal distribution, VaR measure of the risk is equivalent to the variance measure.
Properties of VaR
VaR has the following properties: (1) Transformation invariance For any c ∈ R and positive x, there holds VaR(x + c) = VaR(x) + c. 
Double-VaR
Introduction of Double-VaR
We now chose the mean and variance as two proposed parameters-based on Markowitz's portfolio theory to form a revenue-risk region D. Then we can define VaR-like as follows
Remark 2. It is not hard to speculate that the role of the revenue-risk region D in fact is similar to that of VaR. For convenience, we may call the boundary (or partial boundary) of D a double-VaR with respect to indexes µ and σ 2 . A detailed definition of double-VaR will be given later. Its real economic significance is under the normal market environment and a given confidence level, an area in which the maximum possible loss (expressed by var σ 2 ) and the benefits (expressed by mean µ) of an asset within a certain time in the future falls.
3.2. Double-VaR Model with Respect to (µ, σ 2 ) 3.2.1. Two-Dimensional Likelihood Ratio Argument Chen and Jiang (2017) proposed and studied a high-dimensional likelihood method for normal distribution. However, for the use of the two-dimensional likelihood method for the derivation of the joint confidence domain, we have not found relevant literature. Thus, we innovate based on learning their ideas to solve the two-dimensional joint confidence region for double-VaR problem.
Assume that the total distribution of ξ follows a distribution whose density function is f (x; θ), where the parameters θ = (θ 1 , θ 2 ) are unknown. For the given sample observations, it is easy to get the likelihood function:
If the maximum likelihood estimation of (θ 1 , θ 2 ) is (θ 1 ,θ 2 ) that is, L(θ 1 ,θ 2 ) = sup θ∈Θ (θ 1 , θ 2 ), Θ is the parameter space of θ, the likelihood ratio can be defined as
For a given confidence level, the joint confidence region D of the parameter θ = (θ 1 , θ 2 ) can be calculated by R.
When the total ξ ∼ N(µ, σ 2 ), where (x 1 , x 2 , · · · , x n ) is a set of sample values and the confidence level is 1 − α, the joint confidence region of (µ, σ 2 ) can be gained by the following two-dimensional likelihood ratio, where the unknown parameter is θ = (µ, σ 2 ).
In fact, we have known the maximum likelihood estimations of mean µ and variance σ 2 are
Next we can get the likelihood ratio
Denote byx 
Substitute the formula above into (9) and get
and T = 0, if we let
and M = 0. Let
For convenience, we denote by
It is obvious that there holds
By a sufficient condition of two-dimensional extreme points, we can know R has a strict maximum at the point (M 0 , T 0 ). Thus, for the constant C, there exists a region D so that P{R ≥ C} = P{(M, T) ∈ D}. According to the meaning of likelihood ratio, let
there exist three positive constants a, b and c(b < c), so that
Since two statistics M, T are i.i.d, there holds
where χ 2 n−1 (b) is the function value of χ 2 n−1 distribution whose freedom is n − 1 at the point b. Arrange (10) and get the joint confidence region of (µ, σ 2 ) as below
Obviously, there are unknowns a, b, and c in the joint confidence domain under the confidence level required by this paper. Therefore, to find these three unknowns, we can determine the specific joint confidence domain after given n and sample variance.
Definition 2. Assume that X ∈ R n is a random vector, and (µ, σ 2 ) are two index parameters, for given confidence level α (0 ≤ α ≤ 1), one can define double-VaR of X ∈ R n with respect to indexes (µ, σ 2 ) as
In the above definition, a, b, c are unknown. However, in Section 3.2.2, we use the ideal method to find the joint confidence domain. Thus, the unknown parameters a, b, c are solved. We can look up Tables 1 and 2 to find the value of a, b, c. (X), with (µ, σ 2 ). That is to say, one can have the following two basic understandings:
(1) For a given risk level
can be regarded as VaR in the sense of Markowitz's portfolio with a given confidence level α;
(2) For a given benefit level µ(≥x), VaR α (µ,σ 2 ) (X)=VaR| α µ (σ 2 ; X) can also be regarded as VaR in the sense of Markowitz's portfolio with a given confidence level α.
Solution to Joint Confidence Region on (µ, σ 2 )
We adopt the so-called ideal point method to solve the joint confidence region.
It is well known that the joint confidence region of (µ, σ 2 ) is just as (12). It is now we evaluate a, b and c.
Firstly, one can analyze Figure 1 of this joint confidence region of (µ, σ 2 ) as below:
The joint confidence region of (µ, σ 2 ). Then we need to solve the following optimization model
To solve problem (13), we first refer consider three single-objective optimization models, respectively, as follows
After knowing n and the variance of samples S 2 , these three optimization problems can be simplified as below
Now assume that the solutions of these three problems above are respectively denoted by a =ã, b =b, c =c. We set (ã,b,c) and call it an ideal point of (13), but it is obvious that the ideal point is not necessarily a solution to (13). In fact, we want to get the Euclidean distance between this extremum point and the ideal point is as small as possible. That is, we wish to consider the following
There is also a point that deserves to be noticed in the theory of probability and statistics when the variance of population is unknown; estimating the mean of population can be divided into two cases:
(1) When the number of sample observations is less than 30, we often choose t distribution to make a parameter estimation of the mean; when the number of sample observations is more than 30, we chose the normal distribution to estimate the parameters. To have a more accurate estimation the number of observations of more than 30 in this article, so we will use the normal distribution to estimate the mean in the process of solving the joint confidence region.
In addition, we notice that freedom n is usually less than 45 in any χ 2 distribution, because when n is more than 45 it is close to a normal distribution N(n, 2n). Thus, this article first studies the case when 30 < n < 45.
(2) When the number of sample observations is n > 45, we will make a further study. Now we can solve the above optimization problem (17) with fmincon function in MATLAB and get the unknowns a, b, and c when the confidence level is respectively 99%, 95%, and 90% for 30 < n < 45. By the way, the value zz (zz = a(b − 3 2 − c − 3 2 )) used later is also gained as below Tables 1 and 2 . 
Double-VaR Model Based on (µ, VaR 2 )
According to the theory of VaR, we will consider the joint confidence region of (µ, VaR 2 ) is reasonable and significant.
Accuracy Measurement of VaR
By the description in Section 2.1.1, we can know VaR = w 0 σξ * , that is, if the initial value of asset and the confidence level has been known, VaR is only related to standard deviation σ. Because σ is decided by the choice of sample observations there exits statistical errors in the solving of VaR. Different lengths of confidence sections provide different accuracy of VaR. It is very important to get the length of the confidence section.
(µ, VaR 2 )-Model
According to the definition of joint confidence region we have
where D is the joint confidence region of (µ, VaR 2 ) when the confidence level 1 − α has been known. In particular, the given confidence level of the joint confidence region of (µ, VaR 2 ) is not related to the confidence level of VaR itself 1 − β. If the confidence level of VaR is 99% and the confidence level of the joint confidence region of (µ, VaR 2 ) is 95%, the object studied in this article can be explained as: the return of an asset in one day µ and the biggest 99% loss of VaR are in the area D with the probability 95%. When the total ξ ∼ N(µ, σ 2 ), (x 1 , · · · , x n ) are a set of sample values and the confidence level is 1 − α, the joint confidence region of (µ, VaR 2 ) can be gained by the likelihood ratio method.
In fact, by the argument of maximum likelihood estimations, the mean µ and variance σ 2 are 
Likelihood function is
Similarly, we get the joint confidence region D of (µ,
From (18), one can define the so-called double-VaR with respect to (µ, VaR 2 ) as below.
Definition 3. Assume that X ∈ R n is a random vector, and (µ, VaR 2 ) are two index parameters, for given confidence level α(0 ≤ α ≤ 1), one can define double-VaR of X ∈ R n with respect to indexes (µ, VaR 2 ) as
whose figure is as Figure 2 . (1) For a given risk level 
where χ 2 n−1 (b) (or χ 2 n−1 (c)) is the function value of χ 2 distribution at the point b (or c) when the freedom is n − 1. Now we solve the unknowns a, b and c by area minimization method.
The area of joint confidence region of (µ, VaR 2 ) can be calculated by double integrals:
Thus, after knowing n, α, S 2 , w 0 , ξ * , we can solve the joint confidence region of (µ, VaR 2 ) by the following optimization problem:
Similarly, we can now solve the above optimization problem with fsolve function in MATLAB and get the unknowns a, b, and c when the confidence level is respectively 99%, 95%, and 90% for 30 < n < 45. By the way, the value zz (zz = a(b − 3 2 − c − 3 2 )) belonging to the area 4 3 nS 3 a(b − 3 2 − c − 3 2 ) is also be gained as below.
At the same time, one can now solve the above optimization problem with fmincon function to solve constrained nonlinear minimization problem in MATLAB and get the unknowns a, b, and c when the confidence level is respectively 99%,95%, and 90% for n > 45. Incidentally, the value zz (zz = a(b − 3 2 − c − 3 2 )) belonging to the area 4 3 nS 3 a(b − 3 2 − c − 3 2 ) can also be gained as below. We can see the result of this model is similar to that under the area minimizing model; then there holds the following: Theorem 1. If the confidence levels are respectively 99%, 95%, 90%, 30 < n < 45. At the same time, the meanx, the variance S 2 of samples, w 0 and ξ * have been known. We can inquire of the unknowns a, b, c in Tables 3 and 4 and put them into
to get the joint confidence region of (µ, VaR 2 ). If the confidence level is not in the chart we can get the results by changing parameters in the program.
Theorem 2. If the confidence levels are respectively 99%, 95%, 90%, n > 45. At the same time the mean x, the variance S 2 of samples, w 0 and ξ * have been known. We can inquiry the unknowns a, b, c in the Tables 5 and 6 and put them into
to get the joint confidence region of (µ, VaR 2 ). 
Empirical Analysis
Description of Sample Data
This subsection analyzes the sample data from the historical stock quotes in Merchants Bank (600036) of the Sohu securities network. The holding period is a month and there are a total of 40 pieces of data regarding closing prices in the observation period from 23 January 2009 to 27 April 2012. Now we want to predict at a given confidence level the mean and range of risks to China Merchants Bank stock yields at the end of May 2012, that is to solve the joint confidence region of (µ, σ 2 ).
Here we use the logarithmic gain: R t = ln(P t /P t−1 ), where P t is the closing price of stock at time t. Thus, we can get 39 yields as below Table 7 . By AVERAGE and VAR function in Excel we can get the MLE:x and S 2 of mean µ and variance σ 2 are, respectively, −0.002615 and 0.011898.
(µ, σ 2 )-Model
Effect between Ideal Point Method and the Method of the Smallest Now we respectively use ideal point method and area minimization method to solve the joint confidence region of at the given confidence level and make a contrast of the results from these two methods.
By checking the corresponding tables when n = 39 in this paper we have the following Tables 8 and 9 : Put these values into the following formula and get the joint confidence region of (µ, σ 2 ) as below
whose figure is the area enclosed by two horizontal lines and a parabola line (1) α = 1% (confidence level is 99%) (Figures 3-5 where the solid line is the result of area minimization method and the broken line is the result of ideal point method.
(2) α = 5% (confidence level is 95%) (Figures 6-8 Figure 7. The joint confidence region of (µ, σ 2 ) by area minimization method. where the solid line is the result of area minimization method and the broken line is the result of ideal point method.
According to these results, we can know the area by area minimization method is smaller, so at a given confidence level area minimization method has a better effect to solve the joint confidence region of (µ, σ 2 ).
(µ, VaR 2 )-Model
Suppose a customer buys shares of China Merchants Bank whose initial assets is w 0 = 1 and the confidence level of VaR is 95% that is ξ * = 1.645. By Theorem 1 and the corresponding tables we have Table 10 as below. Put these values into the following formula and get the joint confidence region of (µ, VaR 2 ) below
whose figure is the area enclosed by two horizontal lines and a parabola line.
(1) α = 1% (confidence level is 99%) (Figure 12 
Conclusions
VaR is just a single indicator value to characterize risk, providing less information to the user, and the risk warning function is too thin. In practice, people often need to know both the benefits they may receive and the risks they are involved with. Therefore, this paper studies and constructs the double VaR according to the definition and research methods of VaR, expanding the one-dimensional single-risk monitoring indicator-VaR into a two-dimensional revenue-risk monitoring indicator. This paper selects (µ, σ 2 ) and (µ, VaR 2 ) as the models of the double-VaR. It shows the risk/maximum loss of an asset at a given time in the future and the area in which the revenue is located. Such indicators can better weigh the risk-return of assets, and deduce the joint confidence region of (µ, σ 2 ) (or (µ, VaR 2 )) by virtue of the two-dimensional likelihood ratio method. Then, the ideal joint method and the area minimization method are used to solve the specific joint confidence domain, and the solution effect of the two methods is compared. The obtained area minimization method is more accurate and better. After the VaR is double-expanded, users can know more information and better evaluate assets and avoid certain financial risks.
In this paper, only the normal distribution is considered in terms of its own knowledge structure and time. In fact, the author has great interest in risk management in the case of market with fat tails and the probability of extreme events, which will have important practical significance. We will discuss this in the next article on VaR.
